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On the conditions to extend Ricci flow(II)
Bing Wang∗
Abstract
We develop some estimates under the Ricci flow and use these estimates to study the
blowup rates of curvatures at singularities. As applications, we obtain some gap theorems:
sup
X
|Ric| and
√
sup
X
|Rm| ·
√
sup
X
|R| must blowup at least at the rate of type-I. Our estimates
also imply some gap theorems for shrinking Ricci solitons.
1 Introduction
Let Xm be a complete manifold of dimension m. {(Xm, g(t)), 0 ≤ t < T < ∞} is called a Ricci flow
solution if g(t) satisfies the equation
∂
∂t
g(t) = −2Ric. (1)
The Ricci flow was introduced by Hamilton in his seminal paper [10], where he used the Ricci flow
to study the topology of 3-manifolds with positive Ricci curvature. In the same paper, Hamilton
showed the short time existence of equation (1) whenever Xm is a closed manifold. His proof
was then simplified by DeTurck ([7]). If the underlying manifold Xm is a complete manifold with
bounded sectional curvature, the short time existence was proved by [25].
The Ricci flow is defined as a tool to find the Einstein metric on the underlying manifold.
However, generally, the Ricci flow will develop singularities before it converge to an Einstein
metric. A classical example is the Ricci flow starting from a dumbbell metric on S m(m ≥ 3). This
singularity was described precisely by S.Angenent and D.Knopf([1]). Since the singularities can
not be avoided, it is important to study the behavior of the Ricci flow around the singularities.
In [12], Hamilton showed that the Ricci flow can be extended over T if |Rm| is uniformly
bounded on the space-time X × [0, T ). In other words, |Rm| blows up if T is a singular time.
In [24], Sesum proved that |Ric| blows up at singular time. These theorems are fundamental. They
were generalized in many directions. See [27], [26], [14], [19], [8], [17], [2], [3], and the refer-
ences therein for more information.
∗Supported by NSF grant DMS-1006518.
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Before the singular time T of a Ricci flow, an application of maximum principle implies that
|Rm| not only blows up, but also blows up at a big rate(c.f.Lemma 8.7 of [6]):
lim
t→T
|T − t|(sup
X
|Rm|) ≥ 1
8
. (2)
A natural question is: does similar behavior hold for |Ric|? In this paper, we answer this question
affirmatively.
Theorem 1. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution, X is a closed manifold of di-
mension m, t = T is a singular time. Then
lim sup
t→T
|T − t|
(
sup
X
|Ric|g(t)
)
≥ η1, (3)
where η1 = η1(m, κ), κ is the non-collapsing constant of this flow.
Note that we do not assume that the singularity is of type-I in Theorem 1. If the singularity is
of type-I, inequality (3) was implied by the major results in [8], [2], and a gap theorem of gradient
shrinking solitons in [20]. In this case, η1 can be chosen as 1100m2 .
As indicated by [24], along a Ricci flow over a closed manifold, |Ric| being uniformly bounded
implies |Rm| being uniformly bounded. One should ask whether |Ric| being type-I implies |Rm|
being type-I? Actually, this is a question professor X.X.Chen asked me around 2005. The general
answer is still open. However, we can show that the blowup rate of |Rm| can not be too quick if
|Ric| is of type-I.
Theorem 2. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution, X is a closed manifold of di-
mension m, t = T is a singular time. If lim sup
t→T
|T − t|
(
sup
X
|Ric|g(t)
)
= C, then
lim sup
t→T
|T − t|λ
(
sup
X
|Rm|g(t)
)
= 0
whenever λ > C
ǫ1
, where ǫ1 = ǫ1(m, κ), κ is the non-collapsing constant of this flow.
It was conjectured by X.X.Chen that the Ricci flow can be extended over T whenever the
scalar curvature R is uniformly bounded. If the underlying manifold is Ka¨hler, this conjecture was
confirmed by Z.Zhang ([29]). If the singularity is type-I, in view of the works in [8], [17], and [2],
the answer is also affirmative. However, for general Riemannian Ricci flow with dimension m ≥ 4,
this conjecture is still open. In this paper, we drop the type-I condition and prove the following
gap theorem for lim sup
t→T
|T − t|
√sup
X
|Rm|g(t) ·
√
sup
X
|R|g(t)
.
Theorem 3. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution, X is a closed manifold of di-
mension m, t = T is a singular time. Then
lim sup
t→T
|T − t|
√sup
X
|Rm|g(t) ·
√
sup
X
|R|g(t)
 ≥ η2, (4)
where η2 = η2(m, κ), κ is the non-collapsing constant of this flow.
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In particular, if |R| is uniformly bounded, then |Rm| must blowup at least at the rate (T − t)−2,
which imply that the singularity cannot be type-I. Therefore, we can recover the extension theo-
rems in [8], [17], and [2] by Theorem 3.
Compare Theorem 1 and Theorem 3, we find that
√
sup
X
|Rm|g(t) ·
√
sup
X
|R|g(t) behaves like
sup
X
|Ric|g(t). Furthermore, we also have a theorem similar to Theorem 2.
Theorem 4. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution, X is a closed manifold of di-
mension m, t = T is a singular time. If lim sup
t→T
|T − t|
√sup
X
|Rm|g(t) ·
√
sup
X
|R|g(t)
 = C, then
lim sup
t→T
|T − t|λ
(
sup
X
|Rm|g(t)
)
= 0
whenever λ > 1log2(1+ ǫ2C )
, where ǫ2 = ǫ2(m, κ), κ is the non-collapsing constant of this flow.
The proofs of Theorem 1, Theorem 2, Theorem 3, and Theorem 4 are based on two new
estimates along the Ricci flow. The first one (Theorem 3.1) is an estimate of |Rm| by integration of
|Ric| over a time period, the second one (Theorem 3.2, Corollary 3.4, Remark 3.1) is an estimate
of the type |Ric| ≤ √|Rm||R|. These estimates have other applications. For example, they yield a
gap theorem for complete shrinking Ricci solitons.
Theorem 5. There exists a constant η3 = η3(m, κ) such that the following property holds.
Suppose (Xm, g) is complete, non-flat, κ-non-collapsed Riemannian manifold. If (Xm, g) satis-
fies the shrinking Ricci soliton equation
Ric +LVg −
g
2
= 0 (5)
for some vector field V, sup
X
|Rm| < ∞, then
min

√
sup
X
|Rm| ·
√
sup
X
|R|, sup
X
|Ric|
 ≥ η3 > 0. (6)
This is similar to the gap theorem obtained by O. Munteanu and M.T. Wang ([20]). There are
gap theorems of the Ricci solitons concerning different aspects of the geometry. For example, T.
Yokota ([28]) obtained a gap theorem concerning the “reduced volume” of the gradient shrinking
Ricci solitons, H.Z. Li ([18]) proved a gap theorem in the Ka¨hler setting.
Remark 1. A weak version of Theorem 3 was independently obtained by X.D. Cao([4]). He
proved that |Rm| blows up faster than (T − t)2−δ for every δ > 0 whenever scalar curvature is
uniformly bounded.
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Remark 2. The constants η1, η2 and η3 in Theorem 1, Theorem 3, and Theorem 5 depend only on
dimension m. Also, the constants ǫ1 and ǫ2 in Theorem 2 and Theorem 4 depend only on dimension
m. These are proved in [5].
Remark 3. As indicated by the work of N.Le and N.Sesum ([15], [16], [17]), the behaviors of
the Ricci flow and the mean curvature flow are very similar. In our paper, if we replace the Ricci
flow by the mean curvature flow, replace |Rm| by |A|2, and replace |R| by |H|2, then many theorems
in this paper also hold. For example, there is a mean curvature flow version of Theorem 3. The
details of the mean curvature flow version will appear elsewhere.
The organization of this paper is as follows. In section 2, we review some elementary results
and fix the notations. In section 3, we develop the main estimates. Then we apply these estimates
to prove the extension theorems, gap theorems, and some other theorems in section 4.
Acknowledgment The author would like to thank Xiaodong Cao, Jian Song, Haozhao Li, and
Yuanqi Wang for helpful discussions during the preparation of this paper.
2 Preliminaries
Suppose {(Xm, g(t)), t ∈ I ⊂ R} is a Ricci flow solution, m ≥ 4. The curvatures evolve by the
following equations(c.f. [6]).

∂R
∂t = ∆R + 2|Ric|2,
∂Ri j
∂t = ∆Ri j + 2Rikl jRkl − 2RikRk j,
∂Ri jkl
∂t = ∆Ri jkl + 2(Bi jkl − Bi jlk + Bik jl − Bil jk)
−(RipRp jkl + R jpRipkl + RkpRi jpl + RlpRi jkp),
where Bi jkl , −Ripq jRkpql. It follows that
(
∂
∂t − ∆
)
R = 2|Ric|2,(
∂
∂t − ∆
)
|Ric|2 ≤ 4|Rm||Ric|2,(
∂
∂t − ∆
)
|Rm|2 ≤ 16|Rm|3.
(7)
We will use inequalities (7) for the purpose of Moser iteration.
For simplicity of notations, we give some definitions.
Definition 2.1. A Riemannian manifold (Xm, g) is called κ-non-collapsed if for every geodesic ball
B(x, r) ⊂ X with the property sup
B(x,r)
|Rm| ≤ r−2, we have Vol(B(x, r)) ≥ κrm.
Definition 2.2. Along the Ricci flow {(X, g(t)), t ∈ I} (I is a connected interval in R), define
Og(t) = sup
X
|R|g(t), Pg(t) = sup
X
|Ric|g(t), Qg(t) = sup
X
|Rm|g(t).
We may omit the subindex “g” if the flow is obvious in the content.
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Definition 2.3. Define L(m, κ, I) be the moduli space of the Ricci flows {(X, g(t))|t ∈ I} satisfying
the following properties.
• X is a complete Riemannian manifold of dimension m.
• Qg(t) < ∞ for every t ∈ I.
• (X, g(t)) is κ-non-collapsed for every t ∈ I.
Definition 2.4. Define M(m, κ, I) be the moduli space of the Ricci flows {(X, g(t))|t ∈ I} satisfying
the following properties.
• X is a complete Riemannian manifold of dimension m.
• Qg(t) ≤ 2 for every t ∈ I.
• lim
t→b
Qg(t) ≥ 12 where b = sup {t|t ∈ I}.
• (X, g(t)) is κ-non-collapsed for every t ∈ I.
Define M(m, κ) =M(m, κ, [−1, 0]).
Definition 2.5. Suppose {(X, g(t)), 0 ≤ t < T < ∞} is a Ricci flow solution with singular time T. A
quantity f (which may be |Rm|, |Ric|, |R|) is called of type-I if
lim sup
t→T
|T − t| sup
X
| f (·, t)| < ∞.
f is called at least of type-I if
lim sup
t→T
|T − t| sup
X
| f (·, t)| > 0.
The singular time is called of type-I if |Rm| is of type-I.
Definition 2.6 (GH-distance). Suppose Z is a metric space, A1, A2 are two subsets of Z, then the
Hausdorff distance, dH is
dH(A1, A2) = inf {r|A2 ⊂ B(A1, r), and A1 ⊂ B(A2, r)} .
Suppose X and Y are two metric spaces, the Gromov-Hausdorff distance is defined as
dGH(X, Y)
= inf {dH(i(X), j(Y))|i : X → Z, j : Y → Z are isometric embeddings, Z is a metric space} .
Suppose X is a metric space with base point x, Y is a metric space with base point y, the
pointed-Gromov-Hausdorff distance is defined as
dGH ((X, x), (Y, y))
= inf
{
r|There exist a metric space Z and isometric embeddings i : B(x, 1
r
) → Z, j : B(y, 1
r
) → Z,
such that dH
(
B(i(x), 1
r
), B( j(y), 1
r
)
)
< r, d(i(x), j(y)) < r
}
.
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Definition 2.7 (ǫ-approximation). Suppose (X, x) is a metric space with base point x, (Y, y) is a
metric space with base point y. A map ϕ : (X, x) → (Y, y) is called an ǫ-approximation if
• d(ϕ(x), y) < ǫ.
• B(y, 1
ǫ
) ⊂
{
y ∈ Y |d(y, ϕ(B(x, 1
ǫ
))) < ǫ
}
.
• |d(x1, x2) − d(ϕ(x1), ϕ(x2))| < ǫ for every x1, x2 ∈ B(x, 1ǫ ).
It is not hard to see(c.f. [9]) the following property.
Proposition 2.1. • If dGH((X, x), (Y, y)) < ǫ, then there exists a (10ǫ)-approximation ϕ : X →
Y.
• If there is an ǫ-approximation ϕ : (X, x) → (Y, y), then dGH((X, x), (Y, y)) < 10ǫ.
3 Some Curvature Estimates along the Ricci flow
3.1 Estimate Riemannian curvature by integration of Ricci curvature on a time
period.
Lemma 3.1. For every δ > 0, there exists an ǫ = ǫ(m, κ, δ) such that the following property holds.
If G = {(X, x0, g(t)),−1 ≤ t ≤ 0}, H = {(Y, y0, h(t)),−1 ≤ t ≤ 0} are two Ricci flows in the mod-
uli space M(m, κ) satisfying
• dGH {(ΩX, x0, g(0)), (ΩY , y0, h(0))} < ǫ, where ΩX = Bg(0)(x0, 1), ΩY = Bh(0)(y0, 1),
• max
{
|Rm|g(0)(x0), |Rm|h(0)(y0)
}
≥ 1
2
,
then we have ∣∣∣∣∣∣log |Rm|h(0)(y0)|Rm|g(0)(x0)
∣∣∣∣∣∣ < δ.
Proof. If this lemma was wrong, then there exists a constant δ0 > 0 such that no matter how small
ǫ is, one can have two Ricci flows in M(m, κ) violating the given property with couple (δ0, ǫ).
Therefore, there exist two sequences of Ricci flows
Gi = {(Xi, xi, gi(t)),−1 ≤ t ≤ 0} ∈ M(m, κ),
Hi = {(Yi, yi, hi(t)),−1 ≤ t ≤ 0} ∈ M(m, κ),
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such that 
max
{
|Rm|gi(0)(xi), |Rm|hi(0)(yi)
}
≥ 12 ,∣∣∣∣log |Rm|hi(0)(yi)|Rm|gi(0)(xi)
∣∣∣∣ ≥ δ0,
dGH
{(ΩXi , xi, gi(0)), (ΩYi , yi, hi(0))} < ǫi → 0.
(8)
By the curvature bound and κ-non-collapsing condition, we can apply Hamilton’s compactness
theorem to obtain smooth convergence(c.f. [11]):
{(Xi, xi, gi(t)),−1 < t ≤ 0} C
∞
−→ {(X∞, x∞, g∞(t)),−1 < t ≤ 0} ,
{(Yi, yi, hi(t)),−1 < t ≤ 0} C
∞
−→ {(Y∞, y∞, h∞(t)),−1 < t ≤ 0} .
Since dGH
{(ΩXi , xi, gi(0)), (ΩYi , yi, hi(0))} < ǫi → 0, we have
dGH
{(ΩX∞ , x∞, g∞(0)), (ΩY∞ , y∞, h∞(0))} = 0.
DenoteΩ∞ = ΩX∞ = ΩY∞ . Note thatΩ∞ is a smooth unit geodesic ball with center p∞ = x∞ = y∞.
By the smooth convergence, we see that limi→∞ |Rm|hi(0)(yi) = |Rm|(y∞) = |Rm|(p∞) = |Rm|(x∞) = limi→∞ |Rm|gi(0)(xi),1
2 ≤ |Rm|(p∞) ≤ 2.
It follows that
lim
i→∞
|Rm|hi(0)(yi)
|Rm|gi(0)(xi)
= 1, =⇒ lim
i→∞
∣∣∣∣∣∣log |Rm|hi(0)(yi)|Rm|gi(0)(xi)
∣∣∣∣∣∣ = 0.
Therefore,
∣∣∣∣log |Rm|hi(0)(yi)|Rm|gi(0)(xi)
∣∣∣∣ < δ0 for large i. This contradicts to the condition (8)! 
Lemma 3.2. There exists a constant ǫ0 = ǫ0(m, κ) such that the following property holds.
Suppose K ≥ 0, {(X, g(t)),−1 ≤ t ≤ K} ∈ L(m, κ, [−1, K]), Qg(0) = 1, and Qg(t) ≤ 2 for every
t ∈ [−1, 0]. If t1 > 0 is the first time such that | log Qg(t)| = log 2, then∫ t1
0
Pg(t)dt > ǫ0. (9)
Proof. For simplicity of notation, let g be the default flow. So we denote Qg(t) by Q(t), Pg(t) by
P(t), etc.
Choose x0, y0 ∈ X such that
|Rm|g(0)(x0) ≥ 910 Q(0) =
9
10
.
|Rm|g(t1)(y0) ≥
9
10
Q(t1),⇒ 95 ≤ |Rm|g(t1)(y0) ≤ 2, or
9
20
≤ |Rm|g(t1)(y0) ≤
1
2
.
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dGH(Bg(0)(z0, 1), Bg(t1)(z0, 1)) > ǫ
Figure 1: Gap of
∫
P(t)dt
Define h(t) = g(t − t1). Clearly, we have
{(X, x0, g(t)),−1 ≤ t ≤ 0} ∈ M(m, κ),
{(X, y0, h(t)),−1 ≤ t ≤ 0} ∈ M(m, κ).
If |Rm|g(t1)(y0) ∈ [95 , 2], then
|Rm|h(0)(y0)
|Rm|g(0)(y0) =
|Rm|g(t1)(y0)
|Rm|g(0)(y0) ≥
|Rm|g(t1)(y0)
Q(0) ≥
9
5 , |Rm|h(0)(y0) = |Rm|g(t1)(y0) ≥
1
2
.
If |Rm|g(t1)(y0) ∈ [ 920 , 12 ], then
|Rm|g(0)(x0)
|Rm|h(0)(x0) =
|Rm|g(0)(x0)
|Rm|g(t1)(x0)
≥ |Rm|g(0)(x0)Q(t1) = 2|Rm|g(0)(x0) ≥
9
5 , |Rm|g(0)(x0) ≥
9
10 >
1
2
.
So there exists a point z0 ∈ X, which may be x0 or y0 such that the following properties hold.
max
{
|Rm|g(0)(z0), |Rm|h(0)(z0)
}
≥ 1
2
,
∣∣∣∣∣∣log |Rm|g(0)(z0)|Rm|h(0)(z0)
∣∣∣∣∣∣ ≥ log 95 .
By Lemma 3.1, there exists a constant ǫ = ǫ(m, κ) such that
dGH
{
(Bg(0)(z0, 1), z0, g(0)), (Bh(0)(z0, 1), z0, h(0))
}
> ǫ. (10)
Choose every two points w, z ∈ X, we have∣∣∣∣∣∣log dh(0)(w, z)dg(0)(w, z)
∣∣∣∣∣∣ =
∣∣∣∣∣∣log dg(t1)(w, z)dg(0)(w, z)
∣∣∣∣∣∣ ≤
∫ t1
0
P(t)dt. (11)
In order to finish our proof, it suffices to prove the following Claim.
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Claim. Inequalities (10) and (11) imply that there exists a constant ǫ0 = ǫ0(m, κ) such that∫ t1
0
P(t)dt > ǫ0. (12)
Let ξ =
∫ t1
0 P(t)dt. Equation (11) becomes∣∣∣∣∣∣log dg(t1)(w, z)dg(0)(w, z)
∣∣∣∣∣∣ ≤ ξ (13)
for every two points w, z ∈ X. It follows that
Bg(t1)(z0, e−2ξ) ⊂ Bg(0)(z0, e−ξ) ⊂ Bg(t1)(z0, 1).
Let Ωa = Bg(0)(z0, 1), Ωb = Bg(t1)(z0, 1), Ω′ = Bg(0)(z0, e−ξ). Therefore, we have
dGH {(Ωa, z0, g(0)), (Ωb, z0, g(t1))}
≤ dGH
{(Ωa, z0, g(0)), (Ω′, z0, g(0))} + dGH {(Ω′, z0, g(0)), (Ω′, z0, g(t1))}
+ dGH
{(Ω′, z0, g(t1)), (Ωb, z0, g(t1))} . (14)
Since (Ωa, g(0)), (Ω′, g(0)) are two sub-metric-spaces of (X, g(0)), Ω′ ⊂ Ωa, and Ωa is in the
(1 − e−ξ)-neighborhood of Ω′, therefore by the definition of GH-distance, we have
dGH
{(Ωa, z0, g(0)), (Ω′, z0, g(0))} < 1 − e−ξ. (15)
Note that Bg(t1)(z0, e−2ξ) ⊂ Ω′ ⊂ Ωb, we obtain
dGH{(Ω′, z0, g(t1)), (Ωb, z0, g(t1))} < 1 − e−2ξ . (16)
Consider the identity map:
Id : (Ω′, g(0)) 7→ (Ω′, g(t1)),
x 7→ Id(x) = x.
By inequality (13) and the fact that
max
{
diamg(0)(Ω′), diamg(t1)(Ω′)
}
< 2,
we see that Id is a 2(1 − e−ξ)-approximation of (Ω′, z0, g(0)) and (Ω′, z0, g(t1)). It follows that
dGH
{(Ω′, z0, g(0)), (Ω′, z0, g(t1))} < 20(1 − e−ξ). (17)
Combine inequalities (14), (15), (16), and (17), we obtain
dGH {(Ωa, z0, g(0)), (Ωb, z0, g(t1))} < 21(1 − e−ξ) + (1 − e−2ξ). (18)
From inequality (10), (11), and (18), we obtain
ǫ < 21(1 − e−ξ) + (1 − e−2ξ). (19)
This forces ξ > ǫ0 = ǫ0(ǫ(m, κ)) = ǫ0(m, κ). So we finish the proof of the Claim. 
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Theorem 3.1. Suppose K ≥ 0, {(X, g(t)),−1 ≤ t ≤ K} ∈ L(m, κ, [−1, K]), Q(0) = 1, and Q(t) ≤ 2
for every t ∈ [−1, 0]. Then we have
Q(K) < 2
∫ K
0 P(t)dt
ǫ0
+1
, (20)
where ǫ0 = ǫ0(m, κ) is the constant in Lemma 3.2.
Proof. Define si = inf
{
t|t ≥ 0, Q(t) = 2i
}
for every nonnegative integer i. Clearly, s0 = 0. Accord-
ing to the choice of si, we have
si − Q−1(si) ≥ −1, sup
X×[si−Q−1(si),si+1]
|Rm| = Q(si+1) = 2Q(si) = 2i+1Q(0) = 2i+1.
Let gi(t) = Q(si)g(Q−1(si)t + si), then the flow {(X, gi(t)),−1 ≤ t ≤ Q(si)(K − si)} satisfies all the
conditions in Lemma 3.2. Note that Qgi (Q(si)(si+1 − si)) = 2, it follows from Lemma 3.2 that∫ si+1
si
P(t)dt =
∫ Q(si)(si+1−si)
0
Pgi(t)dt > ǫ0.
Let N be the largest i such that si ≤ K, we have
Nǫ0 <
∫ sN
0
P(t)dt ≤
∫ K
0
P(t)dt, ⇒ N <
∫ K
0 P(t)dt
ǫ0
.
For every t ∈ [0, K], we obtain that
Q(t) ≤ 2N+1 < 2
∫ K
0 P(t)dt
ǫ0
+1
.

Corollary 3.1. Suppose {(X, g(t)),−1 ≤ t < 0} ∈ L(m, κ, [−1, 0)), t = 0 is the singular time. Then∫ 0
−1
P(t)dt = ∞. (21)
Proof. This follows from Theorem 3.1 and the fact lim
t→0
Q(t) = ∞. 
Corollary 3.2. Suppose {(X, g(t)),−1 ≤ t < 0} ∈ L(m, κ, [−1, 0)), t = 0 is the singular time. If
lim sup
t→0
P(t)|t| = C, then we have
Q(t) = o(|t|−λ), (22)
whenever λ > C log 2
ǫ0
with ǫ0 = ǫ0(m, κ) being the constant in Theorem 3.1.
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Proof. Fix λ > C log 2
ǫ0
. Choose δ > 0 such that
λ >
(C + δ) log 2
ǫ0
. (23)
Since lim sup
t→0
P(t)|t| = C, lim
t→0
Q(t) = ∞, we can choose t0 = t0(g, δ) such that

P(t)|t| < C + δ, ∀ t ∈ [t0, 0],
Q(t) ≤ Q(t0), ∀ t ∈ [−1, t0],
Q(t0)|1 + t0| ≥ 1.
(24)
Define si = inf
{
t|t ≥ t0, Q(t) = 2iQ(t0)
}
. Clearly, s0 = t0.
Let hi(t) = Q(si)g(Q−1(si)t + si), we can truncate a flow {(X, hi(t)),−1 ≤ t < Q(si)|si|} which
satisfies the following properties.
{(X, hi(t)),−1 ≤ t < Q(si)|si|} ∈ L(m, κ, [−1, Q(si)|si|)).
Qhi (0) = 1, Qhi(t) ≤ 1, ∀ t ∈ [−1, 0].
Qhi (Q(si)|si+1 − si|) = 2.
(25)
Therefore, Lemma 3.2 implies that∫ si+1
si
P(t)dt =
∫ Q(si)|si+1−si |
0
Phi(t)dt > ǫ0. (26)
On the other hand, we have
P(t) < C + δ|t| , ⇒
∫ si+1
si
P(t)dt < (C + δ) log |si||si+1| . (27)
Combining inequality (26) and (27), we obtain
log |si||si+1|
>
ǫ0
C + δ, ⇒
|si+1|
|si|
< e−
ǫ0
C+δ , ⇒ |si| < |s0|e−
iǫ0
C+δ = |t0|e−
iǫ0
C+δ . (28)
Therefore, we have
lim
i→∞
Q(si)|si|λ ≤ limi→∞ Q(t0)|t0|
λ
(
2e−
λǫ0
C+δ
)i
= 0. (29)
The equality of (29) holds since equation (23) implies 2e− λǫ0C+δ < 1.
Note that si < si+1 < 0. For every t ∈ [si, si+1], we have |si+1| ≤ |t| ≤ |si|. It follows that
Q(t)|t|λ ≤ Q(si+1)|si|λ = 2Q(si)|si|λ → 0, as i → ∞.
This yields that
lim sup
t→0
Q(t)|t|λ = 0, ⇔ Q(t) = o(|t|−λ).

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Corollary 3.3. Suppose {(X, g(t)),−1 ≤ t < 0} ∈ L(m, κ, [−1, 0)), t = 0 is the singular time. Then
lim sup
t→0
P(t)|t| ≥ ǫ0
log 2
, (30)
where ǫ0 = ǫ0(m, κ) is the constant in Theorem 3.1.
Proof. Suppose lim sup
t→0
P(t)|t| = C ≥ 0. By Corollary 3.2 and the fact Q(t)|t| ≥ 1
8
, we have
0 = lim sup
t→0
Q(t)|t|
(C+δ) log 2
ǫ0 ≥ lim sup
t→0
1
8
|t|−1+
(C+δ) log 2
ǫ0 ,
for every δ > 0. It follows that
−1 + C log 2
ǫ0
≥ 0, ⇒ C ≥ ǫ0log 2 .

3.2 Estimate Ricci curvature by Riemannian curvature and scalar curvature.
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{(x, t)|dg(t)(x, x0) < 100,−1 ≤ t ≤ 0}
|Rm| ≤ 1
m2
, in j(x0) ≥ 3.
Figure 2: Estimate |Ric| by |Rm| and |R|
Theorem 3.2. Suppose {(X, g(t)),−1 ≤ t ≤ 0} is a Ricci flow solution satisfying the following prop-
erties.
• X is a complete manifold of dimension m.
• |Rm|g(t)(x) ≤ 1m2 whenever x ∈ Bg(t)(x0, 100), t ∈ [−1, 0].
• (Bg(0)(x0, 100), g(t)) has a uniform Sobolev constant σ for every −1 ≤ t ≤ 0.
• in jg(t)(x0) ≥ 3 uniformly for every −1 ≤ t ≤ 0.
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Then there exists a large constant C = C(m, σ) such that
sup
Bg(0)(x0 , 12 )×[− 12 ,0]
|Ric| ≤ C‖R‖
1
2
L∞(Bg(0)(x0 ,10)×[−1,0]). (31)
Proof. Let v = |Ric|. By the evolution equation of Ricci curvature along the Ricci flow and the
fact |Rm| ≤ 1
m2
<< 1, we have the inequality
−∆v + ∂v
∂t
≤ v. (32)
Let η be a cutoff function which vanishes outside D = Ω×[−1, 0] and equals 1 in D′ = Ω′×[− 12 , 0],
where Ω = Bg(0)(x0, 1), Ω′ = Bg(0)(x0, 12 ). Fix s ∈ [−1, 0]. Multiply inequality (32) by η2vβ−1,
then integrate the resulting inequality in Ω × [−1, s], we obtain∫ s
−1
∫
Ω
(−∆v)η2vβ−1dµdt +
∫ s
−1
∫
Ω
∂v
∂t
η2vβ−1dµdt ≤
∫ s
−1
∫
Ω
η2vβdµdt.
Integration by parts yields
(β − 1)
∫ s
−1
∫
Ω
η2vβ−2|∇v|2dµdt +
∫ s
−1
∫
Ω
2η〈∇η,∇v〉vβ−1dµdt
+
1
β
{∫
Ω
η2vβdµ
∣∣∣∣∣
s
−
∫ s
−1
∫
Ω
2ηη′vβdµdt +
∫ s
−1
∫
Ω
η2vβRdµdt
}
≤
∫ s
−1
∫
Ω
η2vβdµdt.
Note that |∇v β2 |2 = β24 vβ−2|∇v|2, |R| ≤ m(m−1)m2 < 1, we have
4(1 − 1
β
)
∫ s
−1
∫
Ω
η2|∇v β2 |2dµdt +
∫
Ω
η2vβdµ
∣∣∣∣∣
s
≤ β
∫ s
−1
∫
Ω
η2vβdµdt +
∫ s
−1
∫
Ω
2ηη′vβdµdt −
∫ s
−1
∫
Ω
η2vβRdµdt
− 2β
∫ s
−1
∫
Ω
η〈∇η,∇v〉vβ−1dµdt
≤ 2β
∫ s
−1
∫
Ω
η2vβdµdt +
∫ s
−1
∫
Ω
2ηη′vβdµdt
+ βǫ2
∫ s
−1
∫
Ω
η2vβ−2|∇v|2dµdt + βǫ−2
∫ s
−1
∫
Ω
vβ|∇η|2dµdt
= 2β
∫ s
−1
∫
Ω
η2vβdµdt +
∫ s
−1
∫
Ω
2ηη′vβdµdt
+
4
β
ǫ2
∫ s
−1
∫
Ω
η2|∇v β2 |2dµdt + βǫ−2
∫ s
−1
∫
Ω
vβ|∇η|2dµdt.
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Choose ǫ =
√
β−1
2 . It follows from the previous inequality that
2(1 − 1
β
)
∫ s
−1
∫
Ω
η2|∇v β2 |2dµdt +
∫
Ω
η2vβdµ
∣∣∣∣∣
s
≤ 2β
∫ s
−1
∫
Ω
η2vβdµdt +
∫ s
−1
∫
Ω
2ηη′vβdµdt + 2β
β − 1
∫ s
−1
∫
Ω
vβ|∇η|2dµdt.
Since |∇(ηv β2 )| ≤ 2η2|∇v β2 |2 + 2vβ|∇η|2, we have
(1 − 1
β
)
∫ s
−1
∫
Ω
|∇(ηv β2 )|2dµdt +
∫
Ω
η2vβdµ
∣∣∣∣∣
s
≤ 2β
∫ s
−1
∫
Ω
η2vβdµdt +
∫ s
−1
∫
Ω
2ηη′vβdµdt + 2( β
β − 1 +
β − 1
β
)
∫ s
−1
∫
Ω
vβ|∇η|2dµdt.
Fix β ≥ 2. We have∫ s
−1
∫
Ω
|∇(ηv β2 )|2dµdt + 2
∫
Ω
η2vβdµ
∣∣∣∣∣
s
≤ 4β
∫ s
−1
∫
Ω
η2vβdµdt + 4
∫ s
−1
∫
Ω
ηη′vβdµdt + 12
∫ s
−1
∫
Ω
vβ|∇η|2dµdt
≤ 6β
{∫ s
−1
∫
Ω
η2vβdµdt +
∫ s
−1
∫
Ω
(ηη′ + |∇η|2)vβdµdt
}
.
In particular, the following two inequalities hold.∫ s
−1
∫
Ω
|∇(ηv β2 )|2dµdt ≤ 6β
{∫ 0
−1
∫
Ω
η2vβdµdt +
∫ 0
−1
∫
Ω
(ηη′ + |∇η|2)vβdµdt
}
,
max
0≤s≤1
∫
Ω
η2vβdµ
∣∣∣∣∣
s
≤ 6β
{∫ 0
−1
∫
Ω
η2vβdµdt +
∫ 0
−1
∫
Ω
(ηη′ + |∇η|2)vβdµdt
}
.
The parabolic Sobolev inequality implies
"
D
(ηv β2 ) 2(m+2)m dµdt ≤ σ
(
max
0≤s≤1
∫
Ω
η2vβdµ
∣∣∣∣∣
s
) 2
m
("
D
|∇(ηv β2 )|2dµdt
)
≤ σ
{
6β
"
D
(η2 + ηη′ + |∇η|2)vβdµdt
} m+2
m
. (33)
Now we consider the choice of cutoff function η. For every k ∈ Z+ ∪ {0}, we define
tk , −
1
2
− 1
2k+1
, rk ,
1
2
+
1
2k+1
, (34)
Ωk , Bg(0)(x0, rk), Dk , Ωk × [tk, 1]. (35)
Clearly, D′ ⊂ · · ·Dk ⊂ Dk−1 ⊂ · · ·D1 ⊂ D0 = D. Let φ be a smooth cutoff function with the
following properties.
φ(t) =
0, if t ≤ 0,1, if t ≥ 1. 0 ≤ φ′ ≤ 2.
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Let ψ = 1 − φ. Define
φk(t) , φ( t − tk−1tk − tk−1 ), ψk(s) , ψ(
s − rk
rk−1 − rk
)
for every k ∈ Z+. Define cutoff functions ηk by
ηk(x, t) = φk(t)ψk(dg(0)(x, x0)).
By this definition, it is clear that ηk ≡ 1 on Dk and ηk ≡ 0 outside Dk−1. Moreover, using the fact
that |Ric| ≤ m−1
m2
on X × [−1, 0], we deduce
|∇ηk | ≤ 2k+3, |
∂ηk
∂t
| ≤ 2k+2. (36)
PSfrag replacements y = φ(t)
y = ψ(s)
yy
t s(0, 0)(0, 0) 1 1
Figure 3: basic cutoff functions
Let λ = m+2
m
. Inequality (33) and inequality (36) imply
‖vβ‖Lλ(Dk) = ‖η2kvβ‖Lλ(Dk)
≤ ‖η2kvβ‖Lλ(Dk−1)
≤ C1σ
1
λ · (6β) ·
"
Dk−1
(η2 + ηη′ + |∇η|2)vβdµdt
≤ C2σ
1
λ β4k
"
Dk−1
vβdµdt.
It follows that
‖v‖Lλβ(Dk) ≤ (C2σ
1
λ ) 1β · β 1β · 4 kβ · ‖v‖Lβ(Dk−1).
Let β = 2λk−1 for k ≥ 1, we have
‖v‖L2λk (Dk) ≤ (C2σ
1
λ ) 12λ1−k · 2 12λ1−k · λ k−12 λ1−k · 4 k2λ1−k‖v‖L2λk−1 (Dk−1).
Iteration of this inequality yields
‖v‖L∞(D′) ≤ (C2σ
1
λ )
∑∞
k=1
1
2λ
1−k · 2
∑∞
k=1
1
2λ
1−k · λ
∑∞
k=1
k−1
2 λ
1−k · 4
∑∞
k=1
k
2λ
1−k‖v‖L2(D)
= C(m, σ)‖v‖L2(D).
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Recall that v = |Ric|, we have obtained
sup
D′
|Ric| ≤ C(m, σ)
{"
D
|Ric|2dµdt
} 1
2
. (37)
Choose cutoff function η˜(y, t) = ψ(dg(t)(y, x0) − 2). It is easy to check Ω = Bg(0)(x0, 1) ⊂
Bg(t)(x0, 2) for every −1 ≤ t ≤ 0. Therefore η˜ ≡ 1 on D = Ω× [−1, 0]. From the evolution equation
of scalar curvature ∂
∂t R = ∆R + 2|Ric|2, we have
2
"
D
|Ric|2dµdt ≤
∫ 0
−1
∫
X
2|Ric|2η˜dµdt
=
∫ 0
−1
∫
X
(∂R
∂t
− ∆R)η˜dµdt
=
∫ 0
−1
∂
∂t
{∫
X
η˜Rdµ
}
dt +
∫ 0
−1
∫
X
(−∂η˜
∂t
− ∆η˜ + η˜R)Rdµdt
=

∫
Bg(t)(x0,3)
η˜Rdµ

∣∣∣∣∣∣∣
0
−1
+
∫ 0
−1
∫
Bg(t)(x0 ,3)
(−∂η˜
∂t
− ∆η˜ + η˜R)Rdµdt. (38)
In order to estimate the last term, we calculate∣∣∣∣∣− ∂∂t η˜ − ∆η˜ + Rη˜
∣∣∣∣∣ =
∣∣∣∣∣−ψ′∂d∂t − (ψ′′|∇d|2 + ψ′∆d) + Rη˜
∣∣∣∣∣ ≤
 C(m)
{∣∣∣∂d
∂t
∣∣∣ + |∆d| + 1} , if 2 ≤ d ≤ 3.
|R| ≤ m(m−1)
m2
, if d ≤ 2.
Here d = dg(t)(·, x0). Since in jg(t)(x0) ≥ 3 and |Rm|g(t)(x) ≤ 1m2 whenever x ∈ Bg(t)(x0, 100),
t ∈ [−1, 0], Hessian comparison theorem implies∣∣∣∣∣− ∂∂t η˜ − ∆η˜ + Rη˜
∣∣∣∣∣ ≤ C(m).
Plug this into equation (38) yields
"
D
|Ric|2dµdt ≤ 1
2

∣∣∣∣∣∣
∫
Bg(0)(x0 ,3)
η˜Rdµ
∣∣∣∣∣∣ +
∣∣∣∣∣∣∣
∫
Bg(−1)(x0,3)
η˜Rdµ
∣∣∣∣∣∣∣ +C(m)
∫ 0
−1
∫
Bg(t)(x0 ,3)
|R|dµdt

≤ 1
2

∫
Bg(0)(x0 ,10)
|R|g(0)dµg(0) +
∫
Bg(0)(x0,10)
|R|g(−1)dµg(−1) +C(m)
∫ 0
−1
∫
Bg(0)(x0 ,10)
|R|dµdt

≤ C(m) sup
Bg(0)(x0 ,10)×[−1,0]
|R|, (39)
where we used the fact that Bg(t)(x0, 3) ⊂ Bg(0)(x0, 10) for every −1 ≤ t ≤ 0. Combine equation
(39) with equation (37), we obtain inequality (31). 
Corollary 3.4. There is a constant A0 = A0(m, κ) such that the following property holds.
If
{
(X, g(t)),− 18 ≤ t ≤ 0
}
∈ M(m, κ, [− 18 , 0]), then
P(0) ≤ A0
√
sup
t∈[− 18 ,0]
O(t). (40)
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Proof. By the uniform curvature bound and non-collapsed condition of all flows inM(m, κ, [− 18 , 0]),
we see that there exist constants σ0 and c0 such that
• (Bg(t)(x, 1), g(t)) has a uniform Sobolev constant σ0 for every (x, t) ∈ X × [− 18 , 0].
• in jg(t)(x) ≥ c0 for every (x, t) ∈ X × [− 18 , 0].
Let A = max
{
3
c0
, 100m
}
, h(t) = A2g(A−2t). Based at every point x0 ∈ X, the flow {(Xm, h(t)),−1 ≤ t ≤ 0}
satisfies all the requirements in Theorem 3.2. Therefore, we have
|Ric|h(0)(x0) ≤ sup
Bh(0)(x0 , 12 )×[− 12 ,0]
|Ric|h
≤ C‖R‖
1
2
L∞(Bh(0)(x0 ,10)×[−1,0])
≤ C
 sup
t∈[−1,0]
Oh(t)

1
2
.
It follows that
Ph(0) ≤ C
 sup
t∈[−1,0]
Oh(t)

1
2
,
⇒ A−2Pg(0) ≤ C
A−2 sup
t∈[−A−2,0]
Og(t)

1
2
≤ CA−1
 sup
t∈[− 18 ,0]
Og(t)

1
2
,
⇒ Pg(0) ≤ CA
 sup
t∈[− 18 ,0]
Og(t)

1
2
= A0
 sup
t∈[− 18 ,0]
Og(t)

1
2
,
where we define A0 = CA. Clearly, A0 = A0(m, κ). 
Remark 3.1. After scaling, inequality (40) can be regarded as an estimate of the type |Ric| ≤√|Rm||R|. If |Rm| has a big norm compared to |R|, then we have an inequality of the type | ◦Ric| ≤√|W ||R| where W is the Weyl tensor. This estimate is then of the similar spirit of the main estimates
in [14] and [3].
Corollary 3.5. Suppose {(X, g(t)),−1 ≤ t < 0} ∈ L(m, κ, [−1, 0)), t = 0 is the singular time. If
lim sup
t→0
√
O(t)Q(t)|t| = C, then we have
Q(t) = o(|t|−λ), (41)
where λ > 1
log2(1+ ǫ0√2A0C )
, ǫ0 is the constant in Theorem 3.1, A0 is the constant in Corollary 3.4.
Proof. Fix λ > 1log2(1+ ǫ0√2A0C )
. Choose δ > 0 such that
λ >
1
log2(1 + ǫ0√2A0(C+δ) )
. (42)
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Since lim sup
t→0
√
O(t)Q(t)|t| = C and lim
t→0
Q(t) = ∞, we can find a time t0 < 0 with the following
properties  Q(t)O(t)t
2 < (C + δ)2, ∀ t ∈ [t0, 0],
Q(t) ≤ Q(t0), ∀ t ∈ [−1, t0].
(43)
Since Q(t) satisfies the inequality
∂
∂t
Q2 ≤ 16Q3,
maximum principle implies that
Q(t) ≥ 1
2
Q(t0), ∀ t ∈ [t0 − 18 Q
−1(t0), t0].
Combine this with second inequality of (43), we have
Q(t0) ≥ Q(t) ≥ 12 Q(t0), ∀ t ∈ [t0 −
1
8
Q−1(t0), t0]. (44)
Let t1 be the first time such that
∣∣∣∣log Q(t)Q(t0)
∣∣∣∣ achieves log 2. According to inequality (44) and the
definition of t1, we have
Q(t) ≥ 1
2
Q(t0), ∀ t ∈ [t0 − 18 Q
−1(t0), t1]. (45)
On the other hand, we have
Q(t) ≤ 2Q(t0), ∀ t ∈ [−1, t1]. (46)
By definition of t1, Q(t1) = 2Q(t0) or 12 Q(t0). Clearly, we have
Q(t1) ≥ 12 Q(t0). (47)
Define h(t) = Q(t0)g(Q−1(t0)t + t1). In view of (46) and (47), we have {(Xm, h(t)),−1 ≤ t ≤ 0} ∈
M(m, κ). For more general t, h(t) satisfies the following properties.
Qh(t) ≤ 2, ∀ t ∈ [Q(t0)(−1 − t1), 0].
Qh(t) ≥ 12 , ∀ t ∈ [Q(t0)(t0 − t1) − 18 , 0].
Qh(t)Oh(t) (Q(t0)|t1| + |t|)2 < (C + δ)2, ∀ t ∈ [Q(t0)(t0 − t1) − 18 , 0].
It follows that
1
2 ≤ Qh(t) ≤ 2, ∀ t ∈ [Q(t0)(t0 − t1) − 18 , 0].
Oh(t) < (C+δ)
2
(Q(t0)|t1 |+|t|)2Qh(t) ≤
2(C+δ)2
(Q(t0)|t1 |+|t|)2 ≤
2(C+δ)2
Q2(t0)|t1 |2 , ∀ t ∈ [Q(t0)(t0 − t1) −
1
8 , 0].
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By Corollary 3.4, the estimate of Ph(t) = sup
X
|Ric|h(t) follows.
Ph(t) ≤ A0
√
2(C + δ)2
Q2(t0)|t1|2
=
√
2A0(C + δ)
Q(t0)|t1| , ∀ t ∈ [Q(t0)(t0 − t1), 0]. (48)
This yields that∫ 0
Q(t0)(t0−t1)
Ph(t)dt ≤
√
2A0(C + δ) · |t1 − t0||t1| =
√
2A0(C + δ)
( |t0|
|t1|
− 1
)
,
⇒ |t0||t1|
≥ 1 + 1√
2A0(C + δ)
∫ 0
Q(t0)(t0−t1)
Ph(t)dt. (49)
By Lemma 3.2, the fact
∣∣∣∣log Q(t1)Q(t0)
∣∣∣∣ = log 2 implies that
∫ 0
Q(t0)(t0−t1)
Ph(t)dt > ǫ0. (50)
Combine inequality (49) and (50), we obtain
|t1|
|t0|
≤ 1
1 + ǫ0√
2A0(C+δ)
. (51)
Let s1 be the first time such that Q(t) achieves 2Q(t0). Clearly, we have
t0 < t1 ≤ s1 < 0, ⇒
|s1|
|t0|
≤ |t1||t0|
≤ 1
1 + ǫ0√
2A0(C+δ)
. (52)
For each integer i ≥ 0, define si = inf{t|Q(t) = 2iQ(t0)}. Clearly, s0 = t0. Inequality (52) can be
written as
|s1|
|s0|
≤ 1
1 + ǫ0√
2A0(C+δ)
.
Generally, we have
|si+1|
|si|
≤ 1
1 + ǫ0√
2A0(C+δ)
, (53)
which yields
|si|
|t0|
≤
 11 + ǫ0√
2A0(C+δ)

i
.
Therefore, we have
lim
i→∞
Q(si)|si|λ ≤ lim
i→∞
Q(t0)|t0|λ ·
 2(1 + ǫ0√
2A0(C+δ)
)λ

i
. (54)
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In view of inequality (42), we have
2
(1 + ǫ0√
2A0(C+δ)
)λ < 1.
This yields that lim
i→∞
Q(si)|si|λ = 0. Since for every t ∈ [si, si+1], one has
Q(t)|t|λ ≤ Q(si+1)|si|λ ≤ 2Q(si)|si|λ → 0, as i → ∞.
It follows that
lim sup
t→0
Q(t)|t|λ = 0, ⇔ Q(t) = o(|t|−λ).

Corollary 3.6. Suppose {(X, g(t)),−1 ≤ t < 0} ∈ L(m, κ, [−1, 0)), t = 0 is the singular time. Then
lim sup
t→0
√
O(t)Q(t)|t| ≥ ǫ0√
2A0
, (55)
where ǫ0 = ǫ0(m, κ) is the constant in Theorem 3.1, A0 is the constant in Corollary 3.4.
Proof. Suppose lim sup
t→0
√
O(t)Q(t)|t| = C. By Corollary 3.5, we have
lim
t→0
Q(t)|t|λ = 0, (56)
whenever λ > 1
log2(1+ ǫ0√2A0C )
.
On the other hand, since t = 0 is a singular time, we have
Q(t) ≥ 18|t| . (57)
Therefore lim
t→0
|t|λ−1 = 0 whenever λ > 1log2(1+ ǫ0√2A0C )
. It forces that
1
log2(1 + ǫ0√2A0C )
≥ 1, ⇒ ǫ0√
2A0C
≤ 1, ⇒ C ≥ ǫ0√
2A0
.

4 Applications of the curvature estimates
Proof of Theorem 1. According to Perelman’s no-local-collapsing theorem (c.f. [22], [13]), we
obtain that the flow {(X, g(t)), 0 ≤ t < T } is κ-non-collapsed for some constant κ depending only
on g(0) and T . Therefore, {(X, g(t)), 0 ≤ t < T } ∈ L(m, κ, [0, T )). Corollary 3.3 applies and the
Theorem is proved by letting η1 = ǫ0log 2 . 
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Proof of Theorem 2. It follows from Perelman’s no-local-collapsing theorem and Corollary 3.2.

Proof of Theorem 3. It follows from Perelman’s no-local-collapsing theorem and Corollary 3.6.

Proof of Theorem 4. It follows from Perelman’s no-local-collapsing theorem and Corollary 3.5.

Proof of Theorem 5. It follows from Corollary 3.3, Corollary 3.6, and the fact that every shrinking
soliton can be expanded to an ancient solution. 
Corollary 4.1. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution on a closed manifold, t = T
is a singular time. Then ∫ T
0
sup
X
|Ric|g(t)dt = ∞. (58)
Proof. It is an application of Perelman’s no-local-collapsing theorem and Corollary 3.1. 
Starting from either Theorem 1 or Corollary 4.1, we obtain the famous extension theorem of
N.Sesum.
Corollary 4.2 (N.Sesum, c.f. [24]). Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution on a
closed manifold, t = T is a singular time. Then
sup
X×[0,T )
|Ric| = ∞.
Corollary 4.3. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution, X is a closed manifold, t = T
is a singular time of type-I. Then
lim sup
t→T
|T − t| sup
X
|R|g(t) > 0. (59)
In other words, the norm of scalar curvature blows up at least at the rate of type-I.
Proof. By Theorem 3, there exists a sequence of times ti → T such that
lim
i→∞
|T − ti|
√
sup
X
|Rm|g(ti) ·
√
sup
X
|R|g(ti) ≥ η3.
Since the singularity is of type-I, we have
|T − ti| sup
X
|Rm|g(ti) < C < ∞
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for every i. It follows that
lim
i→∞
√
T − ti ·
√
sup
X
|R|g(ti) ≥
η3√
C
> 0,
⇒ lim
i→∞
|T − ti| sup
X
|R|g(ti) ≥
η23
C > 0,
⇒ lim sup
t→T
|T − t| sup
X
|R|g(t) > 0.

Since the type-I condition is strong, Corollary 4.3 can be improved.
Proposition 4.1. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution, X is a closed manifold,
t = T is a singular time of type-I. Then
lim inf
t→T
|T − t| sup
X
|R|g(t) > 0. (60)
Proof. Otherwise, we have a sequence of times ti → T such that
lim
i→∞
|T − ti| sup
X
|R|g(ti) = 0.
Let gi = |T−ti |−1g(|T−ti |t+ti), C = sup
0≤t<T
|T−t| sup
X
|Rm|g(t) < ∞. Clearly, the flow
{
(X, gi(t)), −tiT−ti ≤ t ≤ 0
}
satisfies
sup
X
|Rm|gi(t) ≤
C
1 − t ≤ C, ∀ t ∈ [−
ti
T − ti
, 0].
Moreover, each gi is κ-non-collapsed. Let xi be the point where sup
X
|Rm|g(ti) is achieved. Then we
have smooth convergence:{
(X, xi, gi(t)), −tiT − ti ≤ t ≤ 0
}
C∞−→ {(X∞, x∞, g∞(t)),−∞ < t ≤ 0} .
The limit solution g∞ is a complete ancient Ricci flow solution with bounded curvature. It follows
from maximum principle that R ≥ 0 (c.f.Lemma 2.18 of [6]). Moreover, we have
|R|g∞(0)(x∞) = limi→∞ |R|gi(0)(xi) ≤ limi→∞ supX
|R|gi(0) = limi→∞ |T − ti| supX
|R|g(ti) = 0.
Therefore the strong maximum principle applies and we obtain R ≡ 0 on the whole space-time.
By the evolution equation of the scalar curvature, we see that Ric ≡ 0. So the flow g∞ is “static”.
For every large number A > 0, we have |Rm|g∞(−A)(x∞) = |Rm|g∞(0)(x∞) ≥ 18 > 19 . It follows that
|Rm|g(ti−A|T−ti |)(xi) >
1
9|T − ti|
,⇒ (A + 1)|T − ti| · |Rm|g(T−(A+1)|T−ti |)(xi) >
A + 1
9 .
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This forces that
C = sup
t∈[0,T )
|T − t| sup
X
|Rm|g(t) >
A + 1
9 ,
for every A > 0. In other words, C = ∞, which contradicts to the assumption that the singularity
is type-I. 
Proposition 4.1 has strong relationship to the results in [8].
Theorem 3 can be used to give an alternative proof of the extension theorems in [17].
Corollary 4.4 (N.Le, N.Sesum, c.f. [17]). Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution,
X is a closed manifold of dimension m, t = T is a singular time of type-I. Then∫ T
0
∫
X
|R|αdvdt = ∞, ∀ α ≥ m + 2
2
. (61)
Proof. If this statement was wrong, then we have∫ T
0
∫
X
|R|αdvdt < ∞, ∀ α ≥ m + 2
2
. (62)
By Corollary 4.3, there exist a sequence of times ti → T and a sequence of points xi ∈ X such that
lim
i→∞
|T − ti||R|g(ti)(xi) = c0 > 0.
Let gi(t) = |T−ti|−1g(|T−ti |t+ti), C = sup
0≤t<T
|T−t| sup
X
|Rm|g(t) < ∞. The flow
{
(X, gi(t)),− tiT−ti ≤ t ≤ 0
}
satisfies the properties.
sup
X
|Rm|gi(t) ≤
C
1 − t . (63)
|R|gi(0)(xi) ≥ c0. (64)∫ 0
− 12
∫
X
|R|αgi(t)dvdt → 0. (65)
Therefore, we have
{(X, xi, gi(t)),−1 < t ≤ 0} C
∞
−→ {(X∞, x∞, g∞(t)),−1 < t ≤ 0} .
It follows from equation (64) that |R|g∞(0)(x∞) ≥ c0 > 0. On the other hand, equation (65) implies
that |R|g∞(0)(x∞) = 0. Contradiction! 
In light of Theorem 1, the main theorem in [26] can be improved.
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Theorem 4.1. Suppose {(X, g(t)), 0 ≤ t < T } is a Ricci flow solution, X is a closed manifold of
dimension m, t = T is a singular time. Then either
∫ T
0
∫
X |R|
m+2
2 dvdt = ∞, or
lim sup
t→T
|T − t|
(
sup
X
|Ric−|g(t)
)
≥ η4, (66)
where η4 = η4(m, κ) << η1(m, κ), κ is the non-collapsing constant of this flow, Ric− is the negative
part of the Ricci tensor, η1 is the constant in Theorem 1.
In other words, if ∫ T0 ∫X |R|m+22 dvdt < ∞ and T is a singular time, then |Ric−| blows up at least
at the rate of type-I.
Proof. Suppose the flow does not satisfy the second condition, i.e.,
lim sup
t→T
|T − t|
(
sup
X
|Ric−|g(t)
)
< η4. (67)
Let Ai be an increasing sequence such that
lim
i→∞
Ai = lim sup
t→T
|T − t| sup
X
|Ric|g(t) ≥ η1. (68)
For each Ai, let ti be the first time such that |T − ti| sup
X
|Ric|g(ti) = Ai. Suppose that Pi = sup
X
|Ric|g(ti)
is achieved at the point xi. Define gi(t) = Pig(P−1i t + ti). This flow satisfies
sup
X
|Ric|gi(t) ≤
Ai
Ai − t
≤ 1, ∀ t ∈ [−Piti, 0].
By the fact η4 << η1 and equation (68), we have η4 << Ai. It follows from inequality (67) that
Ricgi(t) is almost nonnegative when t ≤ 0. In particular, at point (xi, 0), we have
R2 ≥ 1
2
|Ric|2 ≥ 1
2
.
Then apply parabolic Moser iteration to the evolution equation of scalar curvature (c.f. [26] for
more details), we have ∫ 0
−1
∫
X
|R|m+22 dvdt ≥ δ
for some fixed constant δ. In view of the scale invariance of the integration, by taking subsequence
if necessary, we have
∫ T
0
∫
X
|R|m+22 dvdt ≥
∞∑
k=1
∫ tik+1
tik
∫
X
|R|m+22 dvdt ≥
∞∑
k=1
δ = ∞.

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Theorem 4.2. There exists a positive constant η5 = η5(m,V) such that the following property
holds.
Suppose (Xm, g) is a complete, non-flat, gradient shrinking soliton:
Ri j + fi j −
gi j
2
= 0. (69)
If (4π)−m2 ∫X e− f dv ≥ V, then
min

√
sup
X
|Rm| ·
√
sup
X
|R|, sup
X
|Ric|
 ≥ η5. (70)
Proof. In the gradient shrinking soliton case, the Gap Theorem of [20] implies sup
X
|Ric| ≥ 1
100m2
.
It suffices to show √
sup
X
|Rm| ·
√
sup
X
|R| ≥ η5. (71)
Since (X, g) is non-flat, we see that sup
X
|R| > 0 by Theorem 3 of [23]. If sup
X
|Rm| = ∞, then
inequality (71) holds trivially. So we assume sup
X
|Rm| < ∞. However, according to Theorem 4.2
of [21], there exists a κ = κ(m,V) such that (X, g) is κ-non-collapsed. Therefore, inequality (71)
follows from Theorem 5. 
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